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Abstract
We prove the following theorem:
Theorem 1. For a compactum X with c-dimZ/p X  n and c-dimZ(q) X n for some distinct prime
numbers p,q, and c-dimZX  n+ 1, where n > 1, there exists an (n+ 1)-dimensional compactum
Z with c-dimZ/p Z  n, c-dimZ(q) Z  n and a cell-like map f :Z→X.
Moreover, giving the following theorem, we note that Theorem 1 cannot be true in the case of
n= 1.
Theorem 2. For every pair p,q of distinct prime numbers there exists an infinite-dimensional
compactum X such that c-dimZ/p X = 1, c-dimZ(q) X = 1 and c-dimZX = 2.  2001 Elsevier
Science B.V. All rights reserved.
AMS classification: 55M10
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1. Introduction
To investigate dimension theory from the view point of algebraic topology in late
20’s Alexandroff [1] introduced cohomological dimension theory. It is really a powerful
tool of analyzing dimension of product spaces and decomposition spaces, and has much
connection with many areas of topology. Recently existence and construction of various
kinds of cell-like resolutions and other kinds of acyclic ones are interesting and important
topics in cohomological dimension theory to estimate the difference between dimension
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and cohomological dimension. Especially the following Edwards theorem [14] was a
turning point of recent development of the theory. The details can be found in [20].
Edwards Theorem. For a compactum X with c- dimZX  n there exists an n-di-
mensional compactum Z and a cell-like map f :Z→X.
We note that a map f :Z→X between compacta is cell-like if all point inverses f−1(x)
have trivial shape. Edwards and Walsh clarified a relation between cohomological dimen-
sion and the topology of manifolds. Namely, the Edwards Theorem gives the exact con-
nection between the Alexandroff’s long standing problem [2], of whether there exists an
infinite-dimensional compactum whose integral cohomological dimension is finite, and the
cell-like mapping problem, of whether a cell-like map on a finite-dimensional manifold can
raise dimension. Although the Alexandroff problem was solved by Dranishnikov [6], their
main idea, called Edwards–Walsh resolution, was also a key tool of the solution. In fact,
he constructed an infinite-dimensional compactum X with c- dimZX = 3. Hence we know
that there is a cell-like map f : I 7 → Y with dimY =∞. Moreover, following Dranish-
nikov’s idea and applying the Sullivan Conjecture [19], Dydak and Walsh [13] constructed
an infinite-dimensional compactum X with c- dimZX = 2. Hence there is a cell-like map
f : I 5 → Y with dimY =∞. Such compacta and their cell-like resolutions are applied to
solve various problems. For example, existence of infinite-dimensional cohomology man-
ifolds [6,7], existence of a linear metric space which is not an ANR [4], etc.
On the other hand, Dranishnikov [8] constructed a cell-like map f : I 6 → Y with
dimY =∞ by constructing an exotic compactumX with dimX =∞ and c- dimZ/p X  2
and c-dimZ[1/p] X  2. Note that those inequalities imply the inequality c- dimZX  3.
Then he showed and essentially used the following cell-like resolution theorem:
Dranishnikov Cell-like Resolution Theorem. If a compactum X has cohomological di-
mension c- dimZ/p X  n, c-dimZ[1/p] X  n for some prime number p, where n > 1, then
there exists an (n+1)-dimensional compactumZ with c- dimZ/p Z  n, c- dimZ[1/p] Z  n
and a cell-like map f :Z→X.
Testing constructions of acyclic resolutions in [16], we can see that it is difficult to
investigate acyclic resolutions for cohomological dimensions with respect to both a torsion
group and a torsion free group. In that sense Dranishnikov Cell-like Resolution Theorem
seems to be interesting.
We direct our attention to properties which the Dranishnikov infinite-dimensional com-
pactum X in [8, Theorem 1] has. Namely, it satisfies inequalities c-dimZ/p X  2
and c-dimZ(q) X  2 for all prime numbers q 	= p. For any integers 1  mp,mq < n,
by [7], there exists an n-dimensional compactum Z such that c- dimZ/p Z = mp and
c-dimZ(q) Z = mq . Hence, if mp,mq  2, we can obtain the infinite-dimensional com-
pactum X ∨ Z having the property that c- dimZX ∨ Z = n, c- dimZ/p X ∨ Z = mp
and c- dimZ(q) X ∨ Z = mq . On the other hand, Dydak–Walsh [13, Theorem 2] con-
structed an infinite-dimensional compactum Y such that c- dimZ Y = 2 and c- dimQ Y =
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c-dimZ/p Y = 1 for every prime number p. Hence, if mq  2, we also have the infinite-
dimensional compactum Y ∨Z having the property that c- dimZ Y ∨Z = n, c- dimZ/p Y ∨
Z = 1 and c- dimZ(q) Y ∨Z =mq . However, since one of key tools of Dranishnikov’s con-




and for the Dydak–Walsh compactum Y , by Bockstein theorem, c-dimZ(q) Y = 2 for at
least one prime number q , both compacta cannot help to construct an infinite-dimensional
compactum W such that c- dimZW <∞ and c-dimZ(q) W = 1 for some prime number q .
Note that we cannot decide the prime number q so that c-dimZ(q)= 2.
In this note, first, giving a localized version of Dydak and Walsh’s idea, we shall
construct the following infinite-dimensional compactum:
Theorem 1. For each pair p,q of distinct prime numbers there exists an infinite-
dimensional compactum X such that c- dimZX = 2 and c- dimZ/p X = c- dimZ(q) X = 1.
Hence we have the following formulation of exotic compacta:
Corollary. For given prime numbers p 	= q and given integers 1mp,mq < n, there ex-
ists an infinite-dimensional compactum X(p,q;mp,mq,n)=X such that c- dimZX = n,
c-dimZ/p X =mp and c- dimZ(q) X =mq .
We call such a compactum type (p, q;mp,mq,n).
Then related to the Edwards Theorem and the Dranishnikov Cell-like Resolution
Theorem we naturally pose the following problem:
Cell-like Resolution Problem of type (p, q;mp,mq,n). Let p,q, be distinct prime num-
bers and let 1  mp,mq < n be integers. For a compactum X of type (p, q;mp,mq,n)
does there exist an n-dimensional compactumZ with c-dimZ/p Z mp and c-dimZ(q) Z 
mq and a cell-like map f :Z→X?
We do not know its general answer. However, applying our calculation in [16] to the
Dranishnikov Cell-like Resolution Theorem, we shall give a detailed proof of the theorem
and affirmatively answer the problem of type (p, q;n,n,n+ 1), where n > 1, as follows:
Theorem 2. Let p,q be distinct prime numbers and let n be an integer > 1. Then for a
compactum X of type (p, q;n,n,n+ 1), there exists an (n+ 1)-dimensional compactum
Z with c-dimZ/p Z  n, c- dimZ(q) Z  n and a cell-like map f :Z→X.
On the other hand, a theorem of Daverman [5] essentially implies that for any subset
Q of prime numbers an infinite-dimensional compactum X with c- dimZX = 2 and
c-dimZ(Q) X = 1 cannot be a cell-like image of any 2-dimensional compactum Z with
c-dimZ(Q) Z = 1. Thus, Theorem 1 gives a negative answer to the Cell-like Resolution
Problem of type (p, q;1,1,2) for any distinct prime numbers p,q .
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Throughout this paper we assume that all spaces are metrizable and all maps are
continuous. We shall use the following notation:Z andQ are the additive groups of integers
and rational numbers, respectively. For a prime number p,
Z/p = Z/pZ and Zp∞ = lim→ {Z/p→ Z/p
2 → ·· ·}.
Thus, Zp∞ is the p-torsion subgroup of Q/Z. Let P be the set of prime numbers. For a





∈Q |m is not divisible by any elements of P
}
.
For a prime number p, we denote Z({p}) and Z(P\{p}) by Z(p) and Z[1/p], respectively. In
particular, Z(∅) =Q and Z(P) = Z.
For basic results of cohomological dimension and a brief history of the theory we
refer [10,11,15,17] to readers.
2. Edwards–Walsh resolutions
By dimX we mean the covering dimension of a compactum X, and by c- dimGX we
denote cohomological dimension of a compactum X with respect to an Abelian group
G. Namely we say c-dimGX  n provided that Hˇ k(X,A;G)= 0 for all k  n + 1 and
all closed subset A ⊂ X. Equivalent formulation of the definition is given as follows:
c-dimGX  n if and only if every map f :A→ K(G,n) of a closed subset A of X to
an Eilenberg–MacLane space K(G,n) can extend to a map F :X→K(G,n).
All resolution theorems in cohomological dimension theory are based on the following
idea called Edwards–Walsh resolutions:
Definition 2.1. Let G be an Abelian group and L a simplicial complex. An Edwards–
Walsh resolution of L in the dimension n is a pair (EWG(L,n),ω) consisting of a CW-
complex EWG(L,n) and a combinatorial map ω : EWG(L,n)→ |L|, that is, ω−1(|L′|) is
a subcomplex for each subcomplex L′ of L, such that
(i) ω−1(|L(n)|)= |L(n)| and ω||L(n)| is the identity map of |L(n)| onto itself,
(ii) for every simplex σ of L with dimσ > n, the preimage ω−1(σ ) is an Eilenberg–
MacLane space of type (
⊕
G,n), where the sum here is finite, and
(iii) for every subcomplex L′ of L and every map ϕ : |L′| → K(G,n), the composite
ϕ ◦ ω|ω−1(|L′|) :ω−1(|L′|) → K(G,n) of ω|ω−1(|L′|) and ϕ extends to a map
Φ : EWG(L,n)→K(G,n).
The existence of Edwards–Walsh resolutions are discussed by many authors. For
example, see [7,9,12,16,20]. To give a sufficient condition of Abelian groups admitting
of Edwards–Walsh resolutions of any simplicial complexes the authors [16] introduced a
class of Abelian groups. Thus, an Abelian group G has property (EW) provided that there
exists a homomorphism α :Z→G such that
(EW1) α⊗ id :Z⊗G→G⊗G is an isomorphism, and
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(EW2) α∗ : Hom(G,G)→Hom(Z,G) is an isomorphism.
For such a group G we have the following existence theorem of Edwards–Walsh
resolutions, [16, Theorem 2.3]:
Theorem 2.2. Let G be an Abelian group with property (EW). Then for any n 1 and any
simplicial complex L, there exists an Edwards–Walsh resolution ω : EWG(L,n)→ |L|.
Furthermore,
(1) if G/ Imα is trivial, then for n 2, k > n+ 1, and each k-simplex σ of L, ω−1(σ )
is obtained from ω−1(∂σ ) by attaching cells whose dimension is greater than n+ 1,
(2) if G/ Imα is not trivial, then for n 2, k > n+1, and k-simplex σ of L, the (n+1)-
skeleton of ω−1(σ ) is obtained from ω−1(σ (n+1)) by attaching (n + 1)-cells by
means of maps β : ∂Bn+1 → ω−1(σ (n+1)) which induce elements of finite order in
πn(ω
−1(σ (n+1))).
WhenG is either Z orZ/p, we can apply case (1) using α = idZ or the natural projection
Z→ Z/p. For the groupsQ or Z(p), the natural inclusion maps clearly have property (EW)
and we can apply case (2). On the other hand, by [12], quasi-cyclic groups Zp∞ do not
have property (EW). However, we can say that the class of Abelian groups having (EW) is
sufficiently large and has a good property for constructions of Edwards–Walsh resolutions.
In case of G= Z or Z/p Edwards–Walsh resolutions EWG(L,n) have a nicer property.
The following forms given by [7,20] shall be used to prove our resolution theorem:
Lemma 2.3. Suppose that n > 1 and G= Z or Z/p. Then for any simplicial complex L
there exists an Edwards–Walsh resolution ω : EWG(L,n)→ |L| having further property
as follows:
(iv) if G= Z, the (n+ 1)-skeleton EWZ(L,n)(n+1) of EWZ(L,n) is equal to L(n),
(v) if G = Z/p, the (n + 1)-skeleton EWZ/p(L,n)(n+1) of EWZ/p(L,n) is obtained
from L(n) by attaching (n+ 1)-cells by a map of degree p to the boundary ∂σ for
every (n+ 1)-simplex σ of L.
Hence in both cases ω−1(|L(n+1)|)(n+1) = EWG(L,n)(n+1).
3. An infinite-dimensional compactum of type (p, q;mp,mq,n)
In this section, giving a localized version of Dydak–Walsh’s idea in [13], we shall show
the following:
Theorem 3.1. For each pair p,q of distinct prime numbers there exists an infinite-
dimensional compactum X such that c- dimZX = 2 and c- dimZ/p X = c- dimZ(q) X = 1.
Corollary 3.2. For given prime numbers p 	= q and given integers 1  mp,mq <
n, there exists an infinite-dimensional compactum X(p,q;mp,mq,n) = X such that
c- dimZX = n, c- dimZ/p X =mp and c- dimZ(q) X =mq .
We call such a compactum type (p, q;mp,mq,n).
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Proof. For a pair p,q of prime numbers, from Theorem 3.1, let us take an infinite-
dimensional compactum Y of type (p, q;1,1,2). For given integers 1  mp,mq < n,
by [7], there exists an n-dimensional compactum Z such that c- dimZ/p Z = mp and
c-dimZ(q) Z =mq . Then X = Y ∨Z is a desired compactum. ✷
Our proof of Theorem 3.1 gives a general version. Thus, for given distinct prime
numbers p,q and given integers 1  mp,mq < n, we shall construct an infinite-
dimensional compactum Y such that c-dimZ Y = n, c- dimZ/p Y mp and c-dimZ(q) Y 
mq .
We shall use the following notation: for a simply connected pointed CW-complex L
and a set P of prime numbers, L(P) is a P -localization of L in the sense of Sullivan.
In particular, for a prime number p, we denote L({p}) and L(P\{p}) by L(p) and L[1/p],
respectively. We note that for a simply connected pointed CW-complex a P -localization is
unique up to homotopy.
Let L be a simply connected pointed CW-complex and let P be a set of prime numbers.
Suppose that there is an integer r0  3 such that πk(L) is finite for each k  r0. Let us
denote P = P \ P and fix an integer k  r0 − 1. Note that π1(Ωk(L(P )))∼= πk+1(L(P )).
Since
πj (L(P ))
∼= πj (L)⊗Z(P )
(cf. [21, Appendix A]) and for each j  r0, πj (L) is finite, πj (L(P )) is finite for j  r0, in









where p-Tor(G) is the p-torsion subgroup of a group G. Since Z(P ) is divisible by any
p ∈ P , any map f :K(Z(P ),1) → Ωk(L(P)) is trivial on π1. Let {p1,p2, . . .} be an
enumeration of P in which each element of P appears infinitely many times. We take a
model for K(Z(P ),1) is the infinite telescope of S1 → S1 → S1 → ·· · , where the j th map
has degree pj and K(Z(P ),1) =⋃∞i=1 Ti , where Ti is the mapping telescope of the first
i maps. Since each Ti is homotopy equivalent to S1, f |Ti  0. Hence, by [13, Lemma 3],
f  0. Thus, [K(Z(P ),1),Ωk(L(P ))] = 0. Therefore, following [13, Lemma 4], we have
the next fact:
Fact 1. If L is a simply connected pointed CW-complex and r0  3 is an integer such
that πk(L) is finite for k  r0, then [K((Z(P ))t , s),Ωk(L(P ))] = 0 for a set P of prime
numbers, k  r0 − 1 and t, s  1.
As in [13] we shall note some facts from Miller Theorem [19], called the Sullivan
Conjecture.
Miller Theorem (The Sullivan Conjecture). If G is a locally finite Abelian group and L
is a finite-dimensional CW-complex, then the space of pointed maps from K(G,1) to L is
weak homotopy equivalent to a point.
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We note from Sullivan’s cellular construction of a localization that if L is a finite-
dimensional simply connected pointed CW-complex, then so is L(P) for any set P of prime
numbers. Hence as a consequence of the Miller Theorem we have the following:
Fact 2. Let P be a set of prime numbers and let p be a prime number. If L is a finite-
dimensional simply connected pointed CW-complex, [K((Z/p)t , s),Ωk(L(P ))] = 0 for
k  0 and s, t  1.
If L is a simply connected pointed CW-complex and r0  3 is an integer such that πk(L)
is finite for k  r0, the proof of Fact 1 implies that [K(Qt , s),Ωk(L(P ))] = 0 for a set P
of prime numbers, k  r0 − 1 and s, t  1. Hence, following [13, Lemma 5], we have:
Fact 3. Let P be a set of prime numbers. If L be a finite-dimensional simply connected
pointed CW-complex and r0  3 is an integer such that πk(L) is finite for k  r0, then
[K(Zt , s),Ωk(L(P ))] = 0 for k  r0 − 1, s  2, and t  1.
It is known that, if n is odd, πk(Sn) are finite for all k  n+ 1, and if n is even, πk(Sn)
are finite for all k  2n. Hence we have:
Lemma 3.3. Let P be a set of prime numbers and let n be an integer  2. Then
(1) [K((Z/p)t , s),Ωk(Sn
(P )
)] = 0 for p ∈ P , k  0 and s, t  1,
(2) for n odd, [K((Z(P ))t , s),Ωk(Sn(P ))] = 0 for k  n and s, t  1, and
[K(Zt , s),Ωk(Sn
(P )
)] = 0 for k  n, s  2 and t  1,
(3) for n even, [K((Z(P ))t , s),Ωk(Sn
(P )
)] = 0 for k  2n− 1 and s, t  1, and
[K(Zt , s),Ωk(Sn
(P )
)] = 0 for k  2n− 1, s  2 and t  1.
To detect that an inverse limit of compact polyhedra has cohomological dimension at
most n we shall use the following notation and a known fact (see [7,8]):
Definition 3.4. Let G be an Abelian group and let f :X→ P be a map of a compactum X
to a polyhedronP with a triangulation τ . By c- dimG(f, τ ) n we denote the property: for
every subcomplex P0 of P with respect to τ and every map ϕ :P0 →K(G,n) there exists
a continuous extension Φ :X → K(G,n) of the composite ϕ ◦ f |f−1(P0) :f−1(P0) →
K(G,n).
Lemma 3.5. Let G be an Abelian group and let {Pi, f ii+1} be an inverse sequence of
compact polyhedra Pi with a fixed triangulation τi and combinatorial bonding maps f i+1i
with respect to τi and τi+1. Suppose that
(1) limk→∞ mesh[f i+ki (τi+k)] = 0 for all i  1,
(2) c-dimG(f i+1i , τi ) n for infinitely many i .
Then, setting X = lim← {Pi, f
i
i+1}, c- dimGX  n.
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Proof of Theorem 3.1. We apply Lemma 3.5 to S3 and P = {q}. Then, for t  1,
(1) [K((Z/p)t ,mp),Ω3(S3[1/q])] = 0,
(2) [K((Z(q))t ,mq),Ω3(S3[1/q])] = 0, and
(3) [K(Zt , n),Ω3(S3[1/q])] = 0.
On the other hand, by the Serre Conjecture [18], there can exist an integer m> n and an
essential map ϕ :Sm →Ω3(S3[1/q]).
Now set P1 = Sm and specify a triangulation τ1 with mesh[τ1] < 1/2. We take an
Edwards–Walsh resolution ω1 : EWZ/p(τ1,mp)→ P1 = Sm. Then, by condition (1) and






is essential. Recall that πk(S3[1/q]) are finite for k  4. Hence, from [13, Lemma 3], there






is essential. Set f 21 = ω1|P2 . We may consider the finite subcomplex P2 as a polyhedron.
Then we take a triangulation τ2 of P2 such that max{mesh[τ2],mesh[f 21 (τ2)]} < 1/22.
Next, we take an Edwards–Walsh resolution ω2 : EWZ(q) (τ2,mq) → P2 (see Theo-





is essential. Moreover, [13, Lemma 3], implies that there exists a finite subcomplex




is essential. Then, set f 32 = ω2|P3 and take a triangulation τ3 of P3 such that max{mesh[τ3],
mesh[f 32 (τ3)],mesh[f 21 ◦ f 32 (τ3)]}< 1/23.
Inductively, we can construct an inverse sequence {Pi, f i+1i } of compact polyhedra Pi
with a triangulation τi and combinatorial bonding maps f i+1i with respect to τi and τi+1
satisfying the following conditions:
(4) P1 = Sm,
(5) the composite Pi
f ii−1−→ Pi−1 →·· ·→ P2
f 21→ P1 ϕ→Ω3(S3[1/q]) is essential for each
i  1,
(6) c-dimZ/p(f i+1i , τi)=mp if i ≡ 1 (mod 3),
(7) c-dimZ(q) (f i+1i , τi )=mq if i ≡ 2 (mod 3),
(8) c-dimZ(f i+1i , τi)= n if i ≡ 0 (mod 3),
(9) max{mesh[τi],mesh[f ii−1(τi)], . . . ,mesh[f 21 ◦ · · · ◦ f ii−1(τi)]}< 1/2i for eachi 
1.
Set Y = lim← {Pi, f
i+1
i }. Then, by Lemma 3.5 and conditions (6)–(8),
c- dimZ/p Y mp, c-dimZ(q) Y mq and c- dimZ Y  n.
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By condition (5), the composite
Y




is essential. Hence dimY =∞, since, if dimY <∞, then dimY  n < m and any map
Y → Sm is inessential. ✷
By a slight modification of the proof we have various types of exotic compacta as
follows:
Corollary 3.5. For given sets P,Q of prime numbers and given integers 1mP ,mQ < n,
there exists an infinite-dimensional compactum X such that c- dimZ/p X = mP for all
p ∈ P , c- dimZ(Q) X =mQ and c- dimZX  n.
Corollary 3.6. Let P,Q be sets of prime numbers such that P ∪Q= P . For given integers
1 mP ,mQ, there exists an infinite-dimensional compactum X such that c- dimZ/p X =
mP for all p ∈ P , c- dimZ(Q) X =mQ and c- dimZX = n, where n=max{mP + 1,mQ}.
A proof is obtained from Corollary 3.5 and the next lemma.
Lemma 3.7. Let P,Q be sets of prime numbers such that P ∪Q = P . If c-dimZ/p X
mP for all p ∈ P and c- dimZ(Q) X mQ, then c-dimZX max{mP + 1,mQ}.
Proof. For each p ∈ P , by the Bockstein inequalities,
c- dimZ(p) X  max{c-dimQX,dimZp∞ X}
 max{c-dimQX,dimZ/p X+ 1}max{mQ,mP + 1}.
Hence, by Bockstein theorem, c- dimZX max{mP + 1,mQ}. ✷
4. A modification of Edwards–Walsh resolutions
In both [20] and [8] the following fact, which is an application of Lemma 2.3, is
essentially used to construct suitable cell-like or acyclic resolutions.
Lemma 4.1. Suppose that n > 1 and G = Z or Z/p. Let X be a compactum and
let {Xi,fi} be an inverse sequence of compact polyhedra with lim← {Xi,fi} = X. If
c-dimGX  n, then for a given triangulation τ1 of X1 with mesh[τ1] < ε, there exists
i  1 such that for any triangulation τ of Xi there is a map g : |τ (n+1)| → |τ (n+1)1 | such
that
(1) d(g,f i1 ||τ (n+1)|) < 3ε,
(2) if G= Z, Im(g)⊂ |τ (n)1 |,
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(3) if G = Z/p, then for every map ϕ : |τ ′1| → K(Z/p,n) of every subcomplex τ ′1
of τ (n+1)1 , the composite ϕ ◦ g|g−1(|τ ′1|) :g−1(|τ ′1|)→ K(Z/p,n) has a continuous
extension Φ : |τ (n+1)| →K(Z/p,n).
In this section we shall give aZ(p)-version of Lemma 4.1 to prove our resolution theorem
in the next section.
Let K be a finite simplicial complex and let q be a prime number. Here we suppose




∣∣K(n)∣∣ and ω0 = id|K(0)| :E0 → ∣∣K(n)∣∣.
For each (n + 1)-simplex σ ∈ K , we consider the natural inclusion α :Z ↪→ Z(q) as
a homomorphism α :πn(∂σ)→ πn(K(Z(q), n)) which is induced by a map gσ : ∂σ →
K(Z(q), n). Attaching via the identity map the mapping cylinder M(σ) of the map gσ on
the subcomplex ∂σ of |K(n)| for each (n + 1)-simplex σ employing the weak topology,
we have the complex E1. The map ω1 :E1 → |K(n+1)| is chosen so that
ω1
(
M(σ) \ ∂σ )⊂ σ \ ∂σ, (∗)
and ω1 is an extension of the identity map ω0.
Fact 1. For every map ϕ : |K0| → K(Z(q), n) of a subcomplex K0 of K(n+1), there




Proof. By property of K(Z(q), n) there is an extension ϕ˜ : |K0 ∪K(n)| → K(Z(q), n) of
f . For each (n + 1)-simplex σ ∈ K \ K0, ω−11 (∂σ ) = ∂σ and we have the following
commutative diagram:








[ω−11 (∂σ ),K(Z(q), n)]
∼=
Hn(ω−11 (∂σ );Z(q))
∼= Hom(Hn(ω−11 (∂σ );Z);Z(q))
where i :ω−11 (∂σ ) ↪→ ω−11 (σ ) is the inclusion map. Then the right vertical homomorphism
Hom(i∗, id) corresponds to α∗ : Hom(Z(q),Z(q)) ∼= Hom(Z,Z(q)). Hence we have an
extension ϕ˜σ :ω−11 (σ )→ K(Z(q), n) of ϕ˜ ◦ ω1|ω−11 (∂σ ). Therefore we have an extension
Φ :E1 = ω−11 (|K(n+1)|)→K(Z(q), n) of ϕ˜ ◦ ω1|ω−11 (|K0∪K(n)|). ✷
Next we shall construct ω2 :E2 → |K(n+2)| as an extension of ω1. For each (n + 2)-
simplex σ ∈K , we can determine the homology group Hn(ω−11 (∂σ );Z) as follows:
Fact 2. Hn(ω−11 (∂σ );Z)∼= (Z(q)/Z)⊕Z(q)⊕ · · · ⊕Z(q)︸ ︷︷ ︸
n+2
.
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Although Fact 2 is a special case of Fact 1 in the proof of [16, Theorem 2.3], our proof
would be useful and convenient to understand further steps. Hence we shall complete a
proof here.
Proof. We write ∂σ = σ0∪σ1∪· · ·∪σn+2, where σi, i = 0,1, . . . , n+2 are (n+1)-faces
of σ . Then
ω−11 (∂σ )=M(σ0)∪M(σ1)∪ · · · ∪M(σn+2)
and
M(σi)∩M(σj )= σi ∩ σj for each pair i, j ∈ {0,1, . . . , n+ 2}.
Now we consider the following Mayer–Vietoris sequence of the pair (M(σ0),M(σ1) ∪














) ∂→Hn−1(M(σ0)∩ (M(σ1)∪ · · · ∪M(σn+2));Z)→ ·· · ,









)⊕ · · · ⊕Hn(M(σn+2);Z)
∼= Z(q) ⊕ · · · ⊕Z(q)︸ ︷︷ ︸
n+2
.
Hence, since ∂σ0 =M(σ0)∩ (M(σ1)∪· · ·∪M(σn+2)), the sequence above can be reduced
to the following exact sequence:
Z






where ∆α is the homomorphism given by ∆α(j)= (α(j),−α(j), . . . ,−α(j)). Therefore
it suffices to see that
Z(q) ⊕ · · · ⊕Z(q)︸ ︷︷ ︸
n+3




h :Z(q)⊕ · · · ⊕Z(q)︸ ︷︷ ︸
n+3
→ (Z(q)/Z)⊕Z(q) ⊕ · · · ⊕Z(q)︸ ︷︷ ︸
n+2
given by
h(x0, x1, . . . , xn+2)=
([x0], x1 + x0, . . . , xn+2 + x0),
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where [x], x ∈ Z(q), is the equivalence class of x in Z(q)/Z, induces a homomorphism
h˜ : (Z(q)⊕ · · · ⊕Z(q))/ Im∆α → (Z(q)/Z)⊕Z(q) ⊕ · · · ⊕Z(q).
Moreover we can easily see that h˜ is an isomorphism. ✷
Note that ω−11 (∂σ ) is simply connected and H˜k(ω
−1
1 (∂σ );Z)= 0 for k  n− 1. Hence,











Then we can construct an Eilenberg–MacLane space of type (πn(ω−11 (∂σ )), n) by









1 (∂σ )), n
))
.







1 (∂σ )), n
) \ ω−11 (∂σ ))⊂ σ \ ∂σ. (∗)





1 (∂σ )), n
)
and ω−12 (σ )
(n+1) = ω−11 (∂σ )(n+1) ⊂E1.
In particular,
Fact 3.
(1) The inclusion-induced homomorphism H˜k(ω−12 (∂σ );Z) → H˜k(ω−12 (σ );Z) is an
isomorphism for k  n.
(2) For every map ϕ : |K0| → K(Z(q), n) of a subcomplex K0 of K(n+2), there exists




Next we take an (n+3)-simplex σ ∈K and calculate the homology groupHn(ω−12 (∂σ );
Z). Similarly to the proof of Fact 1, we write ∂σ = σ0 ∪ σ1 ∪ · · · ∪ σn+3, where σi, i =
0,1, . . . , n+ 3, are (n+ 2)-faces of σ . Then let us consider the following Mayer–Vietoris
sequence of the pair (ω−12 (σ0),ω
−1













ω−12 (σ1)∪ · · · ∪ ω−12 (σn+3)
);Z)=Hn−1(ω−12 (∂σ0);Z)→ ·· · .
Thus, we have the following exact sequence:



















By Facts 2 and 3, the sequence can be reduced to the following simple one:
G






where G = (Z(q)/Z) ⊕ (⊕n+2i=1 Z(q)) and ∆ is the homomorphism given by ∆(x) = (x,
−x, . . . ,−x). In general, the homomorphism h :G⊕ (G⊕ · · ·⊕G)→G⊕ · · ·⊕G given
by h(x0, x1, . . . , xn+3)= (x1 + x0, . . . , xn+3 + x0) induces an isomorphism
Coker(∆)∼=G⊕ · · · ⊕G.
Hence we have:




) ∼= Hn(ω−12 (∂σ1);Z)⊕ · · · ⊕Hn(ω−12 (∂σn+3);Z)
∼= Z(q)/Z⊕ · · · ⊕Z(q)/Z︸ ︷︷ ︸
n+3
⊕Z(q) ⊕ · · · ⊕Z(q)︸ ︷︷ ︸
(n+2)(n+3)
.
We can obtain an Eilenberg–MacLane space K(πn(ω−12 (∂σ )), n) by attaching cells of








2 (∂σ )), n
))
.







2 (∂σ )), n
) \ ω−12 (∂σ ))⊂ σ \ ∂σ. (∗)
We note again that for each (n+ 3)-simplex σ ∈K ,
ω−13 (σ )
(n+1) = ω−12 (∂σ )(n+1) = ω−11 (σ (n+1))(n+1).
Hence we have the corresponding fact of Fact 3 replacingωn+2 with ωn+3 :E3 →|K(n+3)|.
Inductively we can construct and get a CW-complex R(q) =⋃Ei and a combinatorial
map ω=⋃ωi :R(q)→|K| such that
(i) ω−1(|K(n)|)= |K(n)| and ω|ω−1(|K(n)|) = id|K(n)|,
(ii) for each simplex σ ∈ K with dimσ  n + 1, ω−1(σ ) is an Eilenberg–MacLane
space K((
⊕
(Z(q)/Z))⊕ (⊕Z(q)), n), where the sums here are finite,
(iii) for every map ϕ : |K0| → K(Z(q), n) of a subcomplex K0 of K , there exists
an extension Φ :E → K(Z(q), n) of the composite ϕ ◦ ω|ω−1(|K0|) :ω−1(|K0|)→
K(Z(q), n), and
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(iv) for each simplex σ ∈ K with dimσ  n + 1, ω−1(σ )(n+1) = ω−1(σ (n+1))(n+1).
Hence R(n+1)(q) = ω−1(|K(n+1)|)(n+1) =E(n+1)1 .
To show a lifting property of ω, we note the following implication:
Lemma 4.2. If c-dimZ(q) X  n and c- dimZ  n+ 1, then c-dimZ(q)/ZX n.
Proof. We consider the short exact sequence:
0→ Z→ Z(q)→ Z(q)/Z→ 0.
Then we have the inequality from its Bockstein sequence. ✷
Lemma 4.3 (Lifting property of ω). Suppose that a compactum X has c-dimZ(q) X  n
and c- dimZX  n+ 1. Then for a given map f :X→ |K|, there exists a lifting f ′ :X→
R(q) of f such that, if x ∈ σ ∈K , f ′(x) ∈ ω−1(σ ).
Proof. Let Xi = f−1(|K(n+i)|), i = 0,1, . . . ,m, where f (X) ⊂ |K(n+m)| for some
n+m n.
By (i), we define f0 = f |X0 :X0 → ω−1(|K(n)|) ⊂ R(q). We shall inductively define
maps fi on Xi . We assume that, for i  0, we have a map fi :Xi → ω−1(|K(n+i)|) such
that
ω ◦ fi = f |Xi and if x ∈ σ ∈K(n+i), then fi(x) ∈ ω−1(σ ).
For each (n + i + 1)-simplex σ ∈ K , by the assumption of induction, we have the map










On the other hand, by Lemma 4.2, c- dimZ(q)/ZX  n. Hence we have an extension
fσ :f
−1(σ )→ ω−1(σ ) of fi |f−1(∂σ ). Then we have an extension






Therefore fm is a desired extension. ✷
Lemma 4.4. Let n > 1 and let q be a prime number. LetX be a compactum and let {Xi,fi}
be an inverse sequence of compact polyhedra with lim← {Xi,fi} =X. If c- dimZ(q) X n and
dimZX  n+ 1, then for a given triangulation τ1 of X1 with mesh[τ1] < ε, there exists
i  1 such that for any triangulation τ of Xi there is a map g : |τ (n+1)| → |τ (n+1)1 | such
that
(1) d(g,f i1 ||τ (n+1)|) < 3ε,
(2) for every map ϕ : |τ ′1| → K(Z(q), n) of every subcomplex τ ′1 of τ1, the composite
ϕ ◦ g|g−1(|τ ′1|) :g−1(|τ ′1|)→K(Z(q), n) has an extension Φ : |τ (n+1)| →K(Z(q), n).
Proof. Let us take the CW-complex R(q) and the combinatorial map ω :R(q)→X1 = |τ1|
constructed for τ1 in this section. By Lemma 4.3, there exists a map ϕ :X→ R(q) such
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that d(ω ◦ ϕ,f∞1 )  mesh[τ1] < ε. Since R(q) is ANE, there exists i  1 and a map
h :Xi → R(q) such that d(ω ◦ h ◦ f∞i ,ω ◦ ϕ) < ε. Let τ be a triangulation of Xi . Let
h′ : |τ (n+1)| → R(n+1)(q) be a cellular approximation of h||τ (n+1)| such that, if ω ◦ h(x) ∈ σ ∈






◦ h′||τ (n+1)| : |τ (n+1)| → |τ (n+1)1 |.
To check property (1), for each x ∈ |τ (n+1)|, choose z ∈ (f∞i )−1(x). Then
d
(




f i1 (x),ω ◦ ϕ(z)
)+ d(ω ◦ ϕ(z),ω ◦ h ◦ f∞i (z))
+ d(ω ◦ h ◦ f∞i (z),ω ◦ h′(x))< 3ε.






(q) → |τ (n+1)1 | have the
extension property. Hence does g so. Thus, the map g has property (2). ✷
5. A Cell-like Resolution Theorem
In this section we shall affirmatively answer the Cell-like Resolution Problem of type
(p, q;n,n,n+ 1), where n > 1, as follows:
Theorem 5.1. Let p,q be distinct integers and let n be an integer > 1. Then for a
compactum X with c- dimZ/p X  n, c- dimZ(q) X  n and c-dimZX  n+ 1, there exists
an (n + 1)-dimensional compactum Z with c- dimZ/p Z  n and c- dimZ(q) Z  n and a
cell-like map f :Z→X.
For the proof we shall use some technical terms and the lemma below introduced by
Dranishnikov [8]. Suppose that {Xi,pi+1i } is an inverse sequence of pointed compacta
and base point preserving bonding maps. Then for every m  1, there exists the natural




p32←− · · · p
m
m−1←− Xm







The inverse sequence {Xi,pi+1i } also defines an embedding of the limit space X in∏∞
i=1Xi . The projection p∞m :X → Xm coincides with the restriction on X of the
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We call this system of embeddings above in
∏∞
i=1Xi a realization of the inverse sequence
{Xi,pi+1i } in the product
∏∞
i=1Xi .
Let ρi be a metric on Xi and let us assume that
∑∞
i=1 diamρi [Xi]<∞. Then the formula
ρ({xi}, {yi})=∑∞i=1 ρi(xi, yi) defines a metric on the product∏∞i=1 Xi . We call the metric
ρ a brick metric.
Let M be a (finite) covering of a compactum X with a given metric ρ such that
IntM= {IntM: M ∈M} is a covering of X. The covering is called an interior covering.
By λρ(M) we denote a Lebesgue number of IntM with respect to ρ, that is, a positive
number r satisfying that the set {U(x; r): x ∈X} is a refinement of IntM, where U(x; ε)
is the ε-ball in X centered at x with respect to ρ. We put dρ(M)= max{diamρ [M]: M ∈
M}, which is called the mesh of M. Here we note that there exists a Lebesgue number
λρ(M)  dρ(M). For a point x ∈ X, let Mx denote an arbitrary member Mx ∈M such
that x ∈U(x;λ(M))⊆Mx .
A known tool of constructing resolutions is the following lemma, [8, Lemma 4], which
is a parametric version of Brown’s idea [3].
Lemma 5.2. Let X = lim← {Ki,f
i+1
i } be the limit space of an inverse sequence of compacta
and suppose that the sequence is realized in
∏∞
i=1Ki with the brick metric ρ on it. Suppose
Z = lim← {Li, g
i+1
i } is the limit space of another inverse sequence of compacta and for each
i a finite interior coveringMi ofKi with the mesh di = dρ|Ki (Mi ) and a Lebesgue number
λi = λρ|Ki (Mi ) and a map ϕi :Li →Ki are defined such that









is λi/4-commutative with respect to the brick metric ρ, i.e.,
ρ(ϕi ◦ gi+1i , f i+1i ◦ ϕi+1)= ρ|Ki (ϕi ◦ gi+1i , f i+1i ◦ ϕi+1) < λi/4, and
(3) di < λi−1/4< λi−1  di−1 and d1  1.
Then there exists a map ϕ :Z→X onto X such that for x ∈X the preimage ϕ−1(x) is the
limit space lim← {ϕ
−1
i (Mxi ), q
i+1
i }, where xi = f∞i (x) ∈Ki and qi+1i = gi+1i |ϕ−1i+1(Mxi+1 ).
Proof of Theorem 5.1. Specify an inverse sequence {(Pk, xk),pk+1k } of pointed compact
polyhedra with limit space (X,∗). Here we may assume that each Pk is given a metric ρk
with ρk < 1/2k .
We construct, by induction, two inverse sequences {Ki,f i+1i }, {Li, gi+1i } of pointed
compact polyhedra and basepoint-preserving bonding maps and a sequence {ϕi :Li →Ki}
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of maps such that X = lim← {Ki,f
i+1

















More precisely, we make a list of our desired properties to construct our resolution. On
each Ki we define a coveringMi , a triangulation τKi , a metric ρKi and a base point x∗i .
We also define on each Li a triangulation τLi and a metric ρLi satisfying the following
properties.









is λi/4-commutative, where λi = λρKi (Mi ), i.e., Lemma 5.2(2).(3) di < λi−1/4 < λi−1 < di−1, where di = dρKi (Mi ), i.e., Lemma 5.2(3).
(4) For every i , there exists r(i) i such that Ki = Pr(i) and f i+1i = pr(i+1)r(i) .
(5) Every M ∈Mi is a contractible subcomplex of Ki with respect to τKi .
(6) All spaces Ki are embedded into the product space
∏m
j=1 Kj by the mapping
(f i1 , f
i
2 , . . . , f
i
i−1, idKi , x∗i+1, . . . , x∗m) and the metric ρKi is induced from the brick
metric ρr(1) + · · · + ρr(m) on the product. We assume that diamρKi [Ki] 1/2i .
(7) meshρKi [τKi ] λi/16.
(8) Li = |τ (n+1)i |.
(9) A complex Li is supplied a metric ρLi and meshρLj [gij (τLi )]  1/2j for every
j  i .
(10) c- dimZ/p(gi+1i , τLi ) n if i ≡ 1 mod 3.
(11) c- dimZ(q) (gi+1i , τLi ) n if i ≡ 2 mod 3.
(12) gi+1i = ωi ◦ f¯i |Li+1 , if i ≡ 0 mod 3, where ωi : EWZ(τKi , n + 1)→ Ki is the
Edwards–Walsh resolution in Lemma 2.3 and f¯i :Ki+1 → EWZ(τKi , n + 1) is a
cellular map.
The construction is given by induction. Set r(1)= 1 and K1 = P1. Consider the finite
coveringM1 of K1 by closed stars with respect to a fixed triangulation τ1 of K1. Let ρK1
be ρ1 and take a Lebesgue number λ1 = λρK1 (M1) such that λ1  d1 = dρK1 (M1). Let
τK1 be a subdivision of the triangulation τ1 with meshρK1 [τK1]< λ1/16. Define L1 to be
the (n + 1)-skeleton with respect to (K1, τK1) and ρL1 = ρK1 |L1 . Choose a subdivision
τL1 of τK1|L1 with meshρL1 [τL1] < 1/2. Let ϕ1 :L1 ↪→ K1 be the natural inclusion. Put
x∗1 = x1. Then all properties (1)–(9) are satisfied.
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Next applying Lemma 4.1 for G = Z/p and the triangulations τK1 and τL1 , we have
r(2) > r(1) = 1. We define K2 = Pr(2) and f 21 = pk(1)1 . A metric ρK2 on the product
K1 × Pr(2) is given by the sum ρK1 + ρr(2). Let us consider a triangulation τ2 with the
mesh d2 < λ1/8 with respect to ρK2 . Define the finite covering M2 = {st(v) | v ∈ τ (0)2 }
of K2 by closed stars. Then d2 = dρK2 (M2) < λ1/4. Let λ2 = λρK2 (M2) be a Lebesgue
number such that λ2  d2. Take a subdivision τK2 of τ2 with meshρK2 [τK2]< λ2/16. We













We choose a subdivision τL2 of τK2 |L2 with max{meshρL2 [τL2],meshρL1 [g21(τL2)]} <
1/22. Let α2 :L2 →K2 be the natural inclusion. Put x∗2 = xr(2).
Applying Lemma 4.4 for the triangulations τK2 and τL2 , we have r(3) > r(2). We
define K3 = Pr(3) and f 32 = pr(3)r(2). A metric ρK3 on the product
∏2
i=1Ki × Pr(3) is given
by the sum ρK2 + ρr(3). Let us consider a triangulation τ3 with the mesh d3 < λ2/8
with respect to ρK3 . Define the finite covering M3 = {st(v) | v ∈ τ (0)3 } of K3 by closed
stars. Let λ3 = λρK3 (M3) be a Lebesgue number such that λ3  d3 = dρK3 (M3) < λ2/4.
















We choose a subdivision τL3 of τK3 |L3 with max{meshρL3 [τL3],meshρL2 [g32(τL3)],
meshρL1 [g21 ◦ g32(τL3)]}< 1/23. Let α3 :L3 →K3 be the natural inclusion. Put x∗3 = xr(3).
Then applying Lemma 4.1 forG= Z and the triangulations τK3 and τL3 , we have r(4) >
r(3). We define K4 = Pr(4) and f 43 = pr(4)r(3) . A metric ρK4 on the product
∏3
i=1 Ki × Pr(4)
is given by the sum ρK3 + ρr(4). Let us consider a triangulation τ4 of K4 with the mesh
d4 < λ3/8 with respect to ρK4 . Define the finite coveringM4 = {st(v) | v ∈ τ (0)4 } of K4 by
closed stars. Let λ4 be a Lebesgue number such that λ4  d4 = dρK4 (M4) < λ3/4. Take a
subdivision τK4 of τ4 with meshρK4 [τK4]< λ4/16. DefineL4 = |τ
(n+1)
K4
| and ρL4 = ρK4 |L4 .
Lemma 4.1 says that we have a composite g43 = ω3 ◦ f¯3|L4 , where ω3 : EWZ(τK3, n+1)→
L3 is the Edwards–Walsh resolution in Lemma 2.3 and f¯3 :K4 → EWZ(τK3, n+ 1) is a








We choose a subdivision τL4 of τK4 |L4 with max{meshρL4 [τL4],meshρL1 [g41(τL4)],
meshρL2 [g42(τL4)],meshρL3 [g43(τL4)]} < 1/24. Let α4 :L4 → K4 be the natural inclusion.
Put x∗4 = xr(4).
Inductively we can have desired inverse sequences {Ki,f i+1i }, {Li, gi+1i } and sequence
{ϕi :Li →Ki} of maps. Hence, by Lemma 5.2, we have a map





}→X = lim← {Ki,f i+1i }









where xi = f∞i (x) ∈Ki and qi+1i = gi+1i |ϕ−1i+1(Mxi+1 ).
By condition (8), dimZ  n + 1. Conditions (10), (11) and Lemma 3.3 induce that
c-dimZ/p Z  n and c- dimZ(q) Z  n.
Next we show that ϕ−1(x) is cell-like for each x ∈X. It suffices to show that
qi+1i :ϕ
−1
i+1(Mxi+1)→ ϕ−1i (Mxi ) is null-homotopic for each i ≡ 0 mod 3.
For each (n+ 2)-simplex σ ∈ τKi+1 ,
f¯i (σ )⊂ EWZ(Ki, n+ 1)(n+2) = EWZ(Ki, n+ 1)(n+1) =
∣∣τ (n+1)Ki ∣∣= Li.
In fact, f¯i (σ ) ⊂ γ (n+1) for some simplex γ ∈ τKi containing ωi ◦ f¯i (σ ). Hence, if
σ ⊂ M(n+2)xi+1 , by the proof of Lemma 5.2 in [8], we can show that gi+1i (σ ) ⊂ Mxi . It
follows that gi+1i (M
(n+2)
xi+1 ) ⊂ M(n+1)xi . Since, by property (5), Mxi+1 is contractible, the
inclusion M(n+1)xi+1 ↪→M(n+2)xi+1 is homotopically trivial. Therefore gi+1i |ϕ−1i+1(Mxi+1 ) is null-
homotopic. ✷
By a slight modification of the proof we have the following resolution theorem:
Corollary 5.3. Let P,Q be sets of prime numbers and let n > 1 be an integer. For a
compactum X with c- dimZ/p X  n for all p ∈ P , c- dimZ(Q) X  n, and c-dimZX 
n + 1, there exists an (n + 1)-dimensional compactum Z with c- dimZ/p X  n for all
p ∈ P and c-dimZ(Q) X  n and a cell-like map f :Z→X.
In [16] we discussed several types of acyclic resolutions. Related to those results we
shall pose the following problem:
Problem 1. Let p,q be distinct prime numbers. For a compactumX with c- dimZ/p X  n
and c- dimZ(q) X  n, then does there exist an (n + 1)-dimensional compactum Z and a
Z/p- and Z(q)- acyclic resolution?
Comparing our results the following problem seems to be interesting:
Problem 2. If a compactum X has c- dimZX  n+ 1 and c- dimZ/p∞ X  k, where p is
a prime number and n k  1, then does there exist an (n+ 1)-dimensional compactum
Z with c- dimZ/p∞ Z  k and a cell-like map f :Z→X?
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